UNIT-V ::
Frequency domain Analysis: Introduction- frequency domain specifications-
polar plots- bode plots- Nyquist stability criterion

The response of a system for the sinusoidal input is called sinusoidal response. The ratio of
sinusoidal response and sinusoidal input is called sinusoidal transfer function of the system and in
general, it is denoted by T(jo). The sinusoidal transfer function is the frequency domain representation of
the system, and so it is also called frequency domain transfer function.

The frequency réSponse can be evaluated for open loop system and closed loop system,
The frequency domain transfer function of open loop and closed loop systems can be obtained from the
s-domain transfer function by replacing s by jo shown below.

Open loop transfer function : G(s) —==2 G( jo) =|G(jo)| £G(jo) cond )
Loop transfer function £ G(s)H(s) —=° G(jo) H(jo) = |G(jo)H(jo)| LG )H(jw) ~(3-2)
Closed loop transfer function: M(s) —=° M(jo) =|M(jo)| 2MGo) (3.3)

where, |G(jo)|, M(jo)|, |G(jo)H(jo)| are Magnitude functions
£G(jo), {M(jo), ZG(jw)H(jo) are Phase functions.

Note : For unity feedback system, H(s) = 1 and open loop and loop transfer functions are same. |




The advantages of frequency response analysis are the following.

1.

The absolute and relative stability of the closed loop system can be estimated from the knowledgev
of their open loop frequency response. .

The practical testing of systems can be easily carried with available sinusoidal signal generators
and precise measurement equipments .

The transfer function of complicated systems can be determined experimentally by frequency

- response tests.

The design and parameter adjustment of the open loop transfer function of a system for specified
closed loop performance is carried out more easily in frequency domain.

When the system is designed by use of the frequency response analysis, the effects of noise
disturbance and parameters variations are relatively easy to visualize and i mcorporate corrective
measures. :

The frequency response analysis and designs can be extended to certain nonlinear control
systems.

FREQUENCY DOMAIN SPECIFICATIONS

The performance and characteristics of a system In frequency domain are measured in terms of
frequency domain specifications. The requlrements of a system to be de51gned are usually specified in

terms of these specifications.

The frequency domain specifications are,

I;
2.
3.

Resonant peak , M_ - 4. Cutoff rate
Resonant Frequency , o 5. Gain margin, K,
Bandwidth, o, 6. - Phase margin, y



Resonant Peak (M)

The maximum value of the magnitude of closed loop transfer function is called the resonant peak,
M.. A large resonant peak corresponds to a large overshoot in transient response.

Resonant Frequency (o)

The frequency at which the resonant peak occurs is called resonant frequency, ® . This is related
to the frequency of oscillation in the step response and thus it is indicative of the speed of transient

response.
Bandwidth (0,)
The Bandwidth is the range of frequencies for which normalized gain of the system is more than
-3 db. The frequency at which the gain is -3 db is called cut-off frequency. Bandwidth is usually defined
for closed loop system

A large bandwidth corresponds to a small rise time or fast response.

Cut-off Rate

The slope of the log-magnitude curve near the cut off frequency is called cut-off rate. The cut -off
rate indicates the ability of the system to distinguish the signal from noise.

Gain Margin K

The gain margin, K_ is defined as the value of gain, to be added to system, in order to bring the
system to the verge of instability.




The gain margin, K_is gwen by the rec1procal of the magnitude of open loop transfer function at
phase cross over frequency The frequency at which the phase of open loop transfer function is 180° is
called the phase cross-over frequency, ®

1
IG(jo o)l
The gain margin in db can be expressed as,

~ Gain Margin, K, =

K, indb=20 log K, =20 log -
; i 1G(j@ o)l

Phase Margin (y)

The phase margin v, is defined as the additional phase lag to be added at the gain cross over
frequency in order to bring the system to the verge of instability. The gain cross over frequency o, . s the
frequency at which the magnitude of the open loop transfer functlon is unity (or it is the ﬁ'equency at
which the db magnitude is zero).

~ The phase margin 7y, is obtained by adding 180° to the phase angle ¢ of the open loop transfer
function at the gain cross over frequency

Phase margin, y=180°+¢ ,
where, ¢ = £G(jo,)



FREQUENCY DOMAIN SPECIFICATIONS OF SECOND ORDER SYSTEM

RESONANT PEAK (M)

| Consider the closed loop transfer function of second order system,

O _ pps) = o
R(s) s>+ 200, s+o

2
n

The sinusoidal transfer function M(jo) is obtained by letting s = jo.
2

o
S M(jo) =— 2
(jo)’ +2L0,(jo) + o]
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Let, Normalized frequency,u= (f—-}

n

- 1
C(1-u?)+j2%u

M(o)

Let M
a.

Magnitude of closed loop transfer function
Phase of closed loop transfer function.



1
Py 1

M =|M(jool= 1 " =[a-wy a?] 2
(1-u?)? +(2Lu)”
~} 2§u
1=u? |
The resonant peak is the maximum value of M. The condition for maximum value of M can be
obtained by differentiating the equation of M with respect to u and letting dM/du =0 whenu=1u,

o=~LZM(jo) = —tan

where, u, = —= = Normalized resonant frequency.
®

3

g :u [(1 ~u®)” +4«;’-’u2]'% -——-% [(1 =AY +4§2u2]"5 [2(1 ~u%) (=2u) +&;2u]
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Replace u by u_in equation and equate to zero.

4u, 1-u2)-8%u, _
2 I-=0

242 2.2,
2 [(1-u?y +4g7ul]?
4u (1-u})-8lu, =0 = 4u -4u’ -8 u =0

soAul=du -8, = wl=1-200 o oy =q1-20

r

‘Therefore, the resonant peak occurs when u, = {/1-2¢7

Put this condition in the equation for M and solve for M..

“M, = 1 P ol 1 ' B ;
[(“UZ)Z’HCZUZ]% _ [(1-ud)? +a2e2]? [('1—(1—2c2))2+4c;2(1—2q2)]2l

1 1 1 1

{4€4+4C2_&:4‘I% - B

a2 -4 [aa-cf 2%
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2(;,/1-4;2

.|Resonant peak, My =

RESONANT FREQUENCY (o)

Normalized resonant frequency, u, = el J1=282
()]

n

The resonant frequency, o, =@ ,4/1-2¢°

BANDWIDTH (0,)

Let, Normalized bandwidth, Up = b

@y

When u = u,, thé magnitude M, of the closed loop system is 1/y/2 (or -3db).
Hence in the equation for M (equation 3.9), put u = u, and equate to 12,

1 1

(R

“ M=




- -

On squaring and cross multiplying we get,
I-w)+48u, =2 =  l+ui-20+4%ul=2 = -2 (1-)-1=0

Let,lx=u§ s Lxt=2(1-20)x-1=0

L _20-2) 241200 +4 _ 201-260) 221 +4¢" - 423 +1
2 2
Let us take only the positive sign,

ax=1-207 44242 + 40

o]

But, u, = vx ; .'.ub=‘«/§=[1—2C2+\/2—4z;2+4§4}; Also, ub:Cob

n

1
2

.| Bandwidth, o, =0, u, ={’3n[1—2C2 +\/2—4§i+ 4@4}




FREQUENCY RESPONSE PLOTS

Frequency response analysis of control systems can be carried either analytically or graphically.
The various graphical techniques available for frequency response analysis are,

1. Bode plot 4. Mand N circles
2.  Polar plot . 5. - Nichols chart

3. Nichols plot

The Bode plot, Polar plot and Nichols plot are usually drawn for open loop systems. From the open
loop response plot, the performance and stability of closed loop system are estimated. The M and N
circles and Nichols chart are used to graphically determine the frequency response of unity feedback

closed loop system from the knowledge of open loop response.

The frequency response plots are used to determine the frequency domain specifications, to study
the stability of the systems and to adjust the gain of the system to satisfy the desired specifications.

'BODE PLOT

The Bode plot is a frequency response plot of the sinusoidal transfer function of a system. A Bode
plot consists of two graphs. One isa plot of the magnitude of a sinusoidal transfer function versus log ®.
The other is a plot of the phase angle of a sinusoidal transfer function versus log .




Sketch Bode plot for the following transfer function and determine the system gain K for the gain cross over frequency
to be 5 rad/sec.

»Ks?
(1+0.2s) (1+0.02s)

G(s) =

SOLUTION

The sinusoidal transfer function G(jo) is obtained by replacing s by jm inthe given s-domain transfer function.

(i
- Gjo)= (1+0.2jo)(1+ 0.02jo)

- . I ] (jm)z
LetK=1, .. G(jo)= (1+j0.20)(1+j0.020)

MAGNITUDE PLOT

1—5radlsec and mcz_--1—~50rad/sec

The corner frequencies are, ®. = 0.2 0.02



The various terms of G(jo) are listed in Table-1

TABLE-1
Term Corng_ér frequency Slope Change in slope
rad/sec db/dec db/dec
(o¥ - +40-.,
1 sl op A =
1+0.20 =35 0 W
1 . g 1 N 50 20 en -....-..-..-'20‘.#20 i 0
1+j0.020 . 27002 T e

Choose a low frequency o, such thato, <o , and choose a high frequency o, such thato,> .

Let, o,= 0.5 rad/sec and o, =100 rad/sec.

Let, A =|G(jo)| in db.




Letus calculate Aato,,0 and o,.

¢1' P2

Ato =a;, A=20 tog]( j0)? = 20 log ()%= 20l0g(0.5)* = —12 db

Ato =, A=20 |og[(jm)2| =20 log (0)? = 20log(5)> = 28 db

Ato =y, A=[slopefrommc1tomc2xlogzﬁ}i-A(m )=20xlog5—£+28=48db
- .c1 mgmc1 -
» ) i1 O 100 "
Ato =w, A=|slopefromo, towo, xlog—-|+A =0xlog——+48=48db
(Dcz (al(o=mc2) 50 :

Letthe points a, b, c and d be the points corresponding to frequencies o, ©_,,©_, and o, respectively on the magnitude
plot.

PHASE PLOT

The phase angle of G(jo) as afunction of o is given by,
o = £G(jw) = 180° - tan"'0.20 - tan'0.020

The phase arigle of G(jo) are calculated for various values of o and listed in table-2.



TABLE-2

o tan~! 0.20 tan—' 0.020 p» = ZG(jo)
rad/sec deg deg deg

0.5 57 - 06 173.7=174
1 113 1.1 167.6~ 168

5 45 5.7 129.3~130
10 63.4 11.3 105.3~106
50 84.3 45 50.7 ~ 50
100 87.1 63.4 29.5 ~30
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CALCULATION OF K

Given that the gain crossover frequency is 5 rad/sec. Ato =5 rad/secthe gain is 28 db. If gain crossover frequency is
5 rad/sec then at that frequency the db gain should be zero. Hence to every point of magnitude plot a db gain of ~28db should
be added. The addition of —28db shifts the plot downwards. The corrected magnitude plotis obtained by shifting the plot with
" K = 1 by —28db downwards. The magnitude correction is independent of frequency. Hence the magnitude of -28db is
contributed by the term K. The value of K iis calculated by equating 20 logK to —28 db.

~.20log K =-28 db

28
log K=———226§ i) s



~ Sketch the bode plotfor the following transfer function and determine phase margin and gain margin.
75 (1+0.2s)

Gy s(sz+16s+100)}

SOLUTION

On comparing the quadratic factor in the denominator of G(s) with standard form of quadratic factor we can estimate
fando,.

~.8°+165+100 = 5%+ 200, s +02
On comparing we get,
®2=100 = - @,=10

16 _ .16
= =0.8
20, 2x10

Letus convert the given s-domain transfer function into bode form or time constant form.

Lo,=16 = (=

Gley=_TH1*028) - | 75(1+025) - "075(1+02s)

s (s?+165+100) §* 165 ) s(1+0.01s?+0.16s)
sx100(100+100+1)

Let us convertthe given s-domain transfer function into bode form or time constant form.

- G(s)= 75(1+0.2s) - 75(1+0.2s) 075 (1+0.2s)
i s (s? +16s +100) sx100] 5> 165 .| s(1+0.01s*+0.16s)
| 100 100



The sinusoidal transfer function G(jo) is obtaine(; by replacing s by jo in G(s).

o 0.75(1+0.2jn) 0.75(1+j0.20)
= Gjw) = - = - o
jo (1+0.01(60)* + 0.16j0) jo (1-0.010° +j0.160)

‘MAGNITUDE PLOT

The comer frequencies are, 4 2515 =5rad/sec and o, ,=0,=10rad/sec

Note : For the quadratic factor the comer frequency Is ®,.

The various terms of G(jo) are listed in table-1 in the increasing order of their corner frequencies. Also the table
the slope contributed by each term and the change in slope at the comer frequency.

TABLE-1
Term Corner frequency Siope Change in slope
rad/sec db/dec dbi/dec
- 0-75 ' e
_jm - e
' 1 RN
1+j0.20 Qc, = 02 =H 20 . -20+’2'0= 0
. o R, AL P
1-0.0%7 + 0.160 g By =10 Ml L St

Choose a low frequency o, suchthate,<e_ and choose a high frequency o, such thate, > o,

Let, o,= 0.5 rad/sec and o, = 20 rad/sec.

Let, A =|Gje)| indb .



Letus calculate Aat o, © 40 m&and O,

0.75 0.75
—20log =12 - 3.5db
29705

At o= om,A 201 ‘—72{ 20 lo g-zg-—165db

0] :‘+ A(B‘°=é°cx) |

c1

At o= m,,A 20Iog

At, 0=y, A=[slope fromao, 10 0, log

=0 x 109353«»(-16.5):-16.5 db

At © =0, A= [slope from o, to 0, X '09;"‘] *Alatozoe)
c2

--40xlog-2—0-+(—16 5)=-285db-

Letthe pointsa, b, c and d be the points comresponding to frequencies m,, O,y Opand o, respectively on the magnitude
plot.



PHASE PLOT

The phase angle of G(jo) as a function of @ is given by,

= £G{o) = tan'0.20 - 90" ~tan” 1-061.31)92 form <o,

o =2G(jo) =tan"'0.20 - 90 —(tzam".1 1_?613(:)2 +180°) foro > o,

Note : In quadratic factors the
phase varies from 0° fo 180°. But
calculator calculates tamr’ only
between 0° fto 90°. Hence a

correction of 180° should be added
to phase aftero ,




Thé phase angle of G(jo) are calculated for various values of w and listed in Table-2.

TABLE-2
o -0.2 o (180%x) tan-! 0.5 @ tan' 0.125 o ¢ = £G(iw)
rad/sec deg deg ' deg deg

0.01 ~0.1145 0.2864 0.0716 -90.4 ~-90

0.1 -1.145 2.862 0.716 -94.7 ~-94

05 -5.7 14 3.6 -113.3>-114
1 -11.4 26 7.12 -134.4~—-134
2 -22.5 45 - 14 -1719~-172
3 ~34.37 56.30 20.56 -201.2 =202
4 -45.84 63.43 -26.57 2258 - 226
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Let ¢, be the phase of G(jw) at gain cross-over frequency, o o
Fromthefig 3.2.1, we get, ¢ = 88°
- Phase margin, g = 180° + ¢_=180° - 88° = 92°

The phase plot crosses —180° only at infinity. The |G{jo)| atinfinity is - = db.

Hence gain margin is + .



The open loop transfer function of a unity feedback systemis given by G(s) = 1/s(1+s) (1+2s). Sketch the polar plot and
determine the gain margin and phase margin. )

SOLUTION
Given that, G(s) = 1/s(1+s) (1 +2s)

Puts=jo.

. Gljo) = :

jo (i+ jo) (1+]20)

+ Thecomerfrequenciesarem, = 12=0.5radisecand 0, 1 rad/sec. The magnitude and phase angle of Gjo) are
- calculated or the comer frequencies andfor requencies around comer requencies and tabulated i table-1, Using polarto

rectangular conversion, the pofar coordinates listed in tale-1 are converted to rectangular coordinates and tabulated n table-
2.



1 1

G(jo) =— . . = o =
(o) (1+jo) (1*]20)  4_90° i+ 0?2 stan o Y1+ 402 Ltan 20
s Y 90tan o ~tan 20
® 1/(1+eoz) (1+ 40?)
) 1 1 1
A G(jo)}= ———— = e

o0 J(1+0?) (1+402) "o V1+402+02+40*  © J1+502+ 40"

£G(jo) =-90°-tan"'® - tgn" 20

TABLE-1 : Magnitude and phase of G(j®) at vatious frequencies

aQ
rad/sec 0.35 0.4 _ 0.45 0.5 0.6 0.7 1.0
IGGo) 22 | 18 15 12 | 09 07 | 03
£Go) -144 -150 456 | -162 471 | 1795 |  -198
" deg | - ~-180.




TABLE-2 : Real and imaginary part of G(j®) at various frequencies

(6}
rad/sec 0.35 0.4 045 | 05 06 0.7 10
G, (o) 1.78 1.56 11.37 114 | -0.89 0.7 0.29
G(jo) -1.29 0.9 0.61 0.37 0.14 0 0.09

Gain margin, K,=1 4286

Phase margin,y =+12°
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Refer control systems by A.Nagoorkani
for remaining problems



